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Chapter 1

Introduction - Partitions and
Dimensions

Partitions appear in many areas of mathematics in a natural way and can be seen as “one
dimensional” objects since they are sequences of integers (with certain restrictions). At
the end of the 19th century, MacMahon generalised partitions to arrays of integers (with
certain restrictions), i.e., “two dimensional” objects, which he called plane partitions. The
interest on plane partitions was awoken within the combinatorial community in the second
half of the twentieth century and a rich theory on these objects was discovered. Nowadays,
plane partitions are connected to many different areas within combinatorics, as well as to
the theory of symmetric functions, representation theory and many more.

Further generalisation of partitions to “higher dimensional” objects on the other side
are hardly studied and it seems impossible to obtain a similar intriguing and rich theory
for them. While we do not attempt to explain why only the study of one and two dimen-
sional partitions yield intriguing results, we will give a hint in this introduction from an
enumerative point of view.

1.1 Partitions

Definition 1.1.1. A partition of a non-negative integer n is a representation of n as a
sum of positive integers
n=MXA+X+...4+ A,

with \y > ... > X\ > 0. We write A = (A1,...,\x) F n and call \; the parts of the
partition.

Another commonly used notation for partitions is to write A = a{*a$?...a3* where
a1 > as > ... > ayp and the part a; appears «o; times in A for 1 < i < k. Sometimes it is

convenient to order the a; in the opposite way, i.e., strictly increasing.

Example 1.1.2. The partitions of 5 in the various notations are given in the following
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table.
5 (5) 5
441 (4,1) 41
3+2 (3,2) 32
3+1+1 (3,1,1) 312
24241 (2,2,1) 221
24+1+1+1 (2,1,1,1) 213
I+1+14+14+1 (1,1,1,1,1) 1°

As usual for combinatorics, we are interested in the number of partitions of n, denoted
by p(n). There is no closed formula known which allows to express p(n) as a function of
n, however p(n) has a very elegant generating function.

Theorem 1.1.3. The generating function for the number of partitions p(n) is given by

> s =] (1.1)
n=0 i=1

Proof. The proof consists of a series of simple transformations of sums and products.

iop(n)qn = i > g = i > (dH)™ (q’“)ak

n=0 A\Fn k=0 A=1%1---k%
[e's) o 0o 00 i 0o 1
= 2 @O =11 @) =1l;—5 ©
a1,02,... =1 i=1 j=0 i=1

Partitions can also be regarded as geometric objects. For this we need the following
definition.

Definition 1.1.4. A Young diagram is a collection of boxes which are arranged in left-
justified rows, where the rows have a weakly decreasing number of boxes from top to bottom
in English notation or from bottom to top in French notation'.

We assign to each partition a Young diagram, where the i-th part of a partition corre-
sponds to the number of boxes in the i-th row of the diagram. For the rest of these notes,
we identify partitions with their corresponding Young diagram. The boxes of the Young
diagram are usually called cells and we will refer by the “cells of a partition” to the boxes
of the Young diagram. Another form of visualisation is the Ferrers diagram for which the
boxes of the Young diagram are replaced by dots. The following are the Young diagram
(left) and Ferrers diagram (right) of the partition (4,3,3,1).

|| c o o o o

We want to finish this section by regarding a family of partitions closer. For two
partitions A, u, we say that X is contained in u, denoted by A C p, iff \; < u; for all i. We
focus on partitions which are contained in the partition @, i.e., in an (a,b)-box. These
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Figure 1.1: The partition (4, 3, 3, 1) contained in a (6, 5) box and its corresponding lattice
path.

partitions are in bijection to lattice paths from (0,0) to (a,b) whose step set consists of
north and east steps; for an example see Figure 1.1. Since there are no restrictions on
these lattice paths, the number of partitions contained in a’ is the binomial coefficient
(a;“b). It is not difficult to see that we can rewrite the binomial coefficient in the following
form, which looks very similar to MacMahon’s box formula (1.6),

(a+b> anfrji1 (12)

i=1j=1

We can refine this enumeration by taking the number of boxes of the Young diagram into
account. For a variable ¢ we define the g-analog [n], of an integer n as

2 n—1 1—q"
nlg=1+q¢+¢ +...+¢" = ——,
1—-¢
the g-analog of the factorial [n],! as
[nlg! = [nlgln =g - g,

and the g-binomial coefficient as

[m} [m]q!

nlg ™ [n]g![m — nlg!

It is an exercise for the reader to verify, that the ¢-binomial coefficient satisfies the recur-

=] e (1)

We claim that the weighted enumeration of partitions in an (a, b)-box is given by
Z Al |:(l + b:|
q

where the sum is over all partitions contained in an (a,b)-box. This can be proven by
induction on the length of the associated lattice path. If the last step of the path is an
east step, the weight of the partition is not changed by removing this step. Assume that
the last step is a north step. Then the partition corresponding to the path with the last
step deleted has a boxes less than our original partition. The assertion follows now by the
induction hypothesis together with (1.3).

rence

'In this note we will use English notation, which is natural when regarding plane partitions.
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1.2 Partitions in two dimensions

By regarding partitions as one dimensional arrays of integers which are weakly decreasing
from left to right, we can define plane partitions as arrays of integers, such that all rows
and columns are partitions. A more useful and equivalent definition is the following one.

Definition 1.2.1. A plane partition 7 = (m; ;) is an array of positive integers
ﬂ'171 DY e DY 7'('1’)\1
ﬂ_271 “ .. ... 7T2’A2
Tn,l T\,

with A1 > Ao > ... > Ay, such that the rows and columns are weakly decreasing, i.e., w; j >
Tit1,; and 7 > m j+1. We say that w is a plane partition of n iff |r| := Zijﬂ'm =n.

The following are three plane partitions of 20.

DN B
N W
o N A
— =N W
(oI
N Ot

In various places it will be convenient to regard plane partitions as rectangular arrays of
integers. We therefore allow 0 entries as well and identify two arrays if the only differ by
0 entries. For example we do not distinguish between the first plane partition listed above
and the plane partition below.

4 3 310
4 2 1 00
20 0 00
In [13] MacMahon described the generating function for plane partitions.

Theorem 1.2.2. The generating function for plane partitions is given by

| _
;q

where the sum is over all plane partitions.

o0

et (14

=1

We will present the proof of a generalisation due to Stanley in the next Section. Con-
trary to partitions, we can get a simple recursion using the above generating function.
The following result can be found for example in [4, Theorem 1.2].

2
i\nz

Corollary 1.2.3. Let pp(n) be the number of plane partitions of n and oa(n) = >
the sum of the squares of the divisors of n. Then

pp(n) = 3" 0a(0) poln — ). (15)
=1
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Proof. By differentiating both sides of (1.4) and manipulating the sums, we obtain

> npp(n)g" = ZiQ pr

n>1 i>1 n>0
= Zz ¢ )Y ()"
i>1 n>0
n
=N el — k)Y i
n>0 k=1 ik

The first few values for pp(n) and oy(n) are given in the next table.

n |01 2 3 4 5
oo(n)| 1 5 10 21 26
pp(n) |1 1 3 6 13 24

An important feature of plane partitions is their graphical representation. We can
visualise a plane partition 7 as stacks of unit cubes by putting m; ; unit cubes at the
position (7, 7), see Figure 1.2. We define a plane partition to fit into an (a, b, ¢)-box if it

[NCRTENTEN
SN W
O = W
S O =

Figure 1.2: A plane partition and its graphical representation as stacks of cubes.

has at most a rows and b columns with non-zero entries and every entry is at most c.
We call such a plane partition an (a,b, c)-boxed plane partition. The number of plane
partitions inside a box is given by the famous formula by MacMahon.

Theorem 1.2.4 ([13]). The number of (a,b, c)-plane partitions is

i lz+]+k 2
We will present a proof of the weighted version of the box formula in Section 2.2. It
is very remarkable that not only the enumeration of boxed plane partitions, but also all
of the ten symmetry classes have simple product formulas; more details will follow in the
next chapter.

1.3 Higher-dimensional partitions

In the previous section we generalised partitions to two dimensional arrays of integers.
Already MacMahon had the idea to add more dimensions and define multidimensional
partitions.
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Definition 1.3.1. A d-dimensional partition 7 is an array of non-negative integers m;, i,
which is weakly decreasing when all but one coordinate are fixed, i.e., for all1 < k < d
holds

>

Tt yesta = Tty 1k Likg 1,0etd
As before we identify two partitions iff all non-zero entries coincide. Comparing the

enumeration formulas for 0, 1 and 2 dimensional partitions one could hope for simple
formulas for any dimension d, however this is not true.

d generating function box formula
1 i1
0 R
1—gq H 1
o0
1 1+
| P 1 =
i:ll_qZ z 13 114_‘7_1
oo
1 t+j+k-1
2 Nlqg—m HHH
=) i=1j=1 k= itit k=2

For the rest of this section we restrict ourselves to 3-dimensional partitions which are
also called solid partitions. Assume that the number of boxed solid partitions is given by
a product formula. For given values for the box-dimensions, every factor in the product
is contributing primes to the enumerator and denominator. Most of these primes will
cancel out, but since we will obtain an integer there must be “many” prime numbers
which survive. These primes can not be too large, e.g., for d = 2 they have to be smaller
than @ + b + ¢ — 1. This means that iff we would have a product formula, where the
denominator and numerator of the factors are linear or polynomial in the parameters, we
can only have small primes appearing in the sequence. By writing a small program or
comparing with the online Encylopedia of integer sequences (sequence A056932), one can
show that the number of solid partitions inside an (2,2,2,3)-box is 887. Since this is a
prime, the box formula for d-dimensional partitions cannot be a product formula for d > 3.

Denote by My(n) the number of d-dimensional partitions of n. MacMahon conjectured
the following formula for the generating function

> Ma(n)g" = [T(1 - g~ Cem0).
n=0 =1

We can disprove this conjecture by the following arguments. First we expand the right
hand side partially. Let u; be the coefficient of the above product when written as a series
in q

o

[Ta-¢) G50 = Zuzq

i=1
By using the Binomial Theorem we obtain

d d d d
=141 2 2 12 .
o= 1100+ 27(5) +29() +12(7) + (5)

By going through all possibilities to form a d-dimensional partition we obtain

M4(6) =1+ 10d + 27<(21> + 28 (g) + 11<Z> + (;l),

for a detailed explanation see [2, pp. 191-196]. Also compare to the paper of Knuth [9].



Chapter 2

Enumeration of plane partitions

In the introduction we already saw two enumeration results for plane partitions, how-
ever without proofs. We start this chapter by deriving the generating function for plane
partitions. To be more precise we are actually proving a refinement due to Stanley [15]
called the trace generating function. This will be followed by a proof of MacMahon’s box
formula for the enumeration of plane partitions inside an (a,b,c)-box. Finally we will
regard symmetry classes of plane partitions and prove the enumeration formulas for some
of these. The proof techniques we will see are the RSK algorithm, non-intersecting lattice
paths and the Lindstrom-Gessel-Viennot Theorem, determinant evaluations, symmetric
functions and perfect matchings.

2.1 (Trace) generating function for plane partitions

Definition 2.1.1. The trace tr(7) of a plane partition w is the sum of the parts on its
main diagonal, i.e., tr(m) =Y, m ;.

We prove the following refinement of the generating function for plane partitions which
is due to Stanley.

Theorem 2.1.2. The trace generating function of plane partitions with at most r rows

and ¢ columns is
tr(m) | | —
3 =TT s 21)

11]1

where the sum is over all plane partitions with at most r rows and ¢ columns.

We follow Stanley’s original proof, which is based on the proof of Theorem 2 in [3]. The
proof is using the fact that plane partitions have a remarkable similarity to semistandard
Young tableaux, the RSK-algorithm as well as the Frobenius notation for partitions. Hence
lets study these things first. For an alternative presentations of the proof of Theorem 2.1.2
see [15], [16, Section 7.20] or [12, Section 5.

Definition 2.1.3. Let A\ be a partition. A semistandard Young tableau (SSYT) of shape
A is a filling of the cells of A with positive integers such that all rows are weakly increasing
from left to right and the columns are strictly increasing from top to bottom'.

In French notation the columns are strictly decreasing from bottom to top.
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Next we display an SSYT of shape (5,4,3,1).

4 5
5

=N
Ot = W
N Ot W

The Robinson-Schensted-Knuth algorithm (RSK) is a bijection between pairs of SSYTs
of the same shape and matrices with non-negative integer entries. The core ingredient of
RSK is row-insertion. Inserting an integer k into a row is defined as follows.

e If all entries of the row are smaller than k, we add k to the end of the row ,

e otherwise we replace the left-most entry which is larger than k by k; the replaced
entry is said to be bumped.

The row-insertion of k£ into an SSYT T, denoted by T < k is defined by the following
process:

1. Insert k into the first (top) row of T'.
2. If an entry is bumped, insert it in the next row.
3. Repeat step 2 until no entry is bumped.

Example 2.1.4. The row-insertion of 3 in the SSYT from above is displayed next, where
we attach the integer inserted in a row to the corresponding arrow and the newly inserted
entries are marked in red.

1 3 3 4 5 1 3 3 3 5 1 3 3 3 5
2 4 5 5 _}2455 _>2445
4 5 7 3 4 5 7 4 4 5 7
6 6 6
1 3 3 35 1 3 3 35
_)2445 _)2445
5 4 5 5 7 4 5 5
6 6 7

For every semistandard Young tableau T and integer k, the row-insertion of k into T'
yields again a semistandard Young tableau. First we note that inserting an integer into a
weakly increasing row generates a weakly increasing row. Hence it suffices to prove that
the columns of the result of the insertion procedure are strictly increasing. First we claim
that a bumped entry z is inserted at position weakly to the left than its original position.
Indeed, when reinserted, z replaces the left-most entry that is larger than z. If z would
be reinserted at a position strictly to the right than its original position, then this would
imply that the entry below z’s original position is smaller than z which is a contradiction.
Since we bumped the left-most z in the previous step, all entries in the previous row up
to z’s original position are now smaller than z. Hence, when reinserted, z is strictly larger
than the entry above. Since z is replacing a larger entry when reinserted, it is for sure
smaller than the entry below. This implies that the result of an insertion process is again
a semistandard Young tableau.
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We define a biword as a 2 x n array of integers

al a2 DR an
by by --- bn’

such that the top row is weakly increasing and b; < b; 41 if a; = a;41. We associate to
a matrix A with non-negative integer entries the unique biword w4 which contains the
column (i, j) exactly a; ; many times, see the next example. Given a biword, we construct
a sequence of pairs of semistandard Young tableaux (P, Q;)o<i<n of the same shape. The
first pair of tableaux is given by (FPy, Qo) = (0,0). For ¢ > 1, the tableau P; is obtained
by row-inserting b; into P;_1; the tableau @); is obtained by adding the integer a; to Q;_1
such that P; and @; have the same shape. We call the tableaux P; the insertion tableaux
and Q; recording tableaux. The RSK-algorithm is defined to map the matrix A to the pair
(P, Qn) of the described process. It is an exercise for the reader to verify that @, is a
semistandard Young tableau; this follows also from Proposition ?7.

Example 2.1.5. We regard the following matrix and its corresponding biword
1 0 2 11 1
110 1 3 3

Then the sequence of pair of tableaux appearing in the RSK-algorithm is

N

2
5 -

2

i

1 3

9

11

N — W
N — W
N~ W~

The main theorem on the RSK-algorithm is the following.

Theorem 2.1.6. The Robinson-Schensted-Knuth algorithm is a bijection between matrices
A = (a;,;) with non-negative entries and pairs of semistandard Young tableaux (P, Q) such
that

e j appears in P exactly ), a; j times,
e ¢ appears in QQ exactly Zj a;; times.

Proof. The properties of the map follow immediately from the insertion process. Hence
we only need to show that it is actually a bijection. We prove this by constructing an
inverse map. We construct again a sequence of pair of SSYTs (P, Q) with P, = P
and @, = Q. Denote by a; the largest entry of ;. We obtain @);_1 by deleting the the
right-most occurrence of a;. We construct P;_; by deleting the same cell as we did for
Qi—1 and denote its entry by z. We reinsert z in the row above by replacing the right-most
entry of the above row which is smaller than z by z. We reinsert the replaced entry in the
row above in the same way and continue until we reach the first row. Denote by b; the
entry which is replaced in the first row and hence can not be reinserted in a row above.
It is clear that this process is exactly reversing the row-insertion and therefore allows us
to recover the biword wy4. ]

The final ingredient is the modified Frobenius notation for a partition. For a partition
A let | denote the length of its Durfee square, i.e., the largest ¢ such that \; > ¢. The
modified Frobenius notation” of A is (A1, A2 — 1,..., 0 — L+ 1A, — 1,00 0 — 1+ 1)
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—®

Figure 2.1: The Young diagram of the partition (4,3, 3, 1), in modified Frobenius notation
(6,5,2]5,3,1). The red lines correspond to the first sequence in the modified Frobenius
notation, the blue lines to the second one.

where )\ is the conjugate partition of X\. For an example see Figure 2.1.

We associate a plane partition m with at most r rows and ¢ columns to an ¢ X r matrix
with non-negative entries by a sequence of bijections which we will demonstrate in the

example of the plane partition

4 2 1
3 2
11

N DN b

First we map 7 to the plane partition 7’ by conjugation the rows of = which are actually
partitions. We obtain a plain partition with at most r rows whose entries are at most c.
The statistics of our interest are

|| =[],
tr(m) = [{m; > i}.

In our example we obtain

— W W
—_ =W W
N DO
— N

Next we rewrite 7’ as a pair (Cq,Cs) of plane partitions of the same shape using the
modified Frobenius notation. The i-th column of Cj (resp. Cb) is defined as the first
(resp. second) sequence of the modified Frobenius notation of the i-th column of 7/. We
obtain for our example

=N
N W
=N
—

The entries of C; are at most ¢ and the entries of C5 at most r. The statistics are now
given by

|| = |C1| + |Ca| — #(parts of C1),
tr(m) = #(parts of C1).

2The Frobenius notation does not take the diagonal into account, i.e., its defined as (M — 1,2 —
2, o UM =LA =2, N ).
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Since the two sequences of the Frobenius notation are strictly decreasing, the rows of
C1, Cy are strictly decreasing as well. Such plane partitions are called column-strict or re-
verse semistandard Young tableaux since the inequality condition for a SSYT are reversed.

We can now use the inverse of a variation of RSK to map the pair (C1, C2) to a matrix
A = (a; ;) with non-negative entries. In this variation we either inverse the role of < and
> in the description of the algorithm, or alternatively RSK is applied to the biword

—Qp —Ap-1 - —ai

_bn _bn—l te _bl ’

i.e., reverse the order of the rows and introduce minus signs, and omit the signs in the
result. Applying the reverse variation of RSK, where we write T := —x and mark the
entries in red which are recovered in each step, yields

13292 11322 13371 131353
3321 511 5232 3 1 N
T T T T
4 L4 2 3331 13132
2 2 —>T 5 —
T T
222 442 22 44 55 11537 10 0
1 2 1 2
We obtain the biword o
4 4 2 2 2 1 1 1
213111332
and hence the matrix
01 1 1
21 0 0
0 0 0 O
1 1 0 0

Theorem 2.1.6 implies that A has ¢ columns and r rows and that the statistics we are
interested in are given by

ml =D (i+J = Daiy,
/L‘?j
7T) = Za@j.
i?j

Summarising we obtain for the trace generating function
tI‘(T() ‘ﬂ-l — Zz a; Ez 7‘+-7 1)(11
Z t q = Z i T q="I ! H H tqz—l-j 1
™ A=(as,j) 1=1j=1
where the first sum is over all plane partitions m with at most r rows and ¢ columns and

the second sum is over all ¢ x » matrices A. This proves Theorem 2.1.2.

In [7, 8] Gansner generalises the trace for plane partitions and derives generating
functions for plane partitions and reverse plane partitions..
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2.2 Enumeration of boxed plane partition

We encounter one of the standard methods for enumerating plane partitions in the proof
of MacMahon’s box formula of Theorem 1.2.4. This method is used for the enumeration of
many of the symmetry classes of plane partitions as well as related combinatorial objects.
It boils down to the three steps:

1. Translate plane partitions (or the combinatorial object of choice) into families of
non-intersecting lattice paths.

2. Use the Lindstrom-Gessel-Viennot Theorem to express the enumeration as a deter-
minant.

3. Evaluate the determinant explicitly.

The first two steps of this method are usually straight forward. The third step however,
can be quite difficult or even lead to an open problem. A good resource which lists many
methods for evaluating determinants is the paper [11] by Krattenthaler.

In order to transform a plane partition inside an (a,b,c)-box into a family of non-
intersecting lattice paths, we display the plane partition graphically together with the
contour of the box (this time we omit the colours of the unit cubes), see Figure 2.2. The
obtained figure is an hexagon. We draw paths from the middle of the tilings on the top
left of the hexagon towards the bottom of the right of the hexagon, by always connecting
the opposite sites of the following two tilings.

<o

One could also imagine the configuration of unit cubes in a slightly tilted box where we
spill water along the left boundary of the box and record the path the water is taking
while running down to the other side of the box. Finally we transform these paths to

S1

[ —

52

SIS ‘

S L
*&@E L

Figure 2.2: A (3,4,4)-boxed plane partition (left), its representation as stacks of unit
cubes inside an (3,4,4)-box (middle) and its corresponding family of non-intersecting
lattice paths (right).

N W

RN

paths in a grid and obtain a family of non-intersecting lattice paths. If the box had di-
mensions (a, b, ¢) then the starting points of the lattice paths have the form s; = (—i, —)
for 1 <i < a and the end points are e; = (b — i, —c — i) for 1 <i < a.
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The Lindstrom-Gessel-Viennot Theorem allows us to enumerate the previous described
lattice paths. However we need some notations first. Let G be a finite directed graph
without cycles. A path in G is a sequence of vertices (v1, ..., v,) such that (v;,v;+1) is an
edge in G for 1 < i < n. If the graph has an edge weight w, then the weight of a path
(V1,...,0p) is

n—1
H wW(vs, Vig1)-
i=1

We call a family of paths in G non-intersecting if no pair of paths in the family has a vertex
in common. The weight of a family of paths is the product over all path weights. For a
family P of n paths with starting points {s1, ..., s,} and end points {eq, ..., e, } where the
i-th path has starting point s; and end point e, (;), we define the sign sgn(P) := sgn(o).

Theorem 2.2.1 (Lindstrom-Gessel-Viennot). Let s1,..., s, and ey, ..., e, be two families
of pairwise different vertices of a finite directed graph G with edge weight w and denote
by P(i,j) the weighted enumeration of paths in G from s; to e;. The weighted, signed
enumeration of families of non-intersecting paths from si,...,s, to e1,...,e, is given by
the determinant

> sen(P)w(P) = det (P(i,])), (2:2)
1<i,j<n
P
where the sum is over all families P of non-intersecting paths with starting points {si,...,sp}

and end points {e1,...,en}.

Proof. First we use Leibniz’s formula to expand the determinant

n

det (P(i,5)) = Y _ sgn(o) [[ P(i,o(i)). (2.3)

1<i,j<n .
oESy =1

The sum on the right hand side is now the weighted and signed sum over all families P
of paths with starting points {s1,...,s,} and end points {ey,...,e,}. It suffices to proof
the existence of a weight preserving, sign inverting involution on the set of families of
intersecting paths.

Let (p1,...,pn) be a family of intersecting paths where p; starts at s; and ends at o (i)-
The sign of this family is sgn(o). Let (s,t) be the lexicographically smallest pair of indices
such that p, and p; are intersecting. Denote by ps1 (pt1 resp.) the part of ps (p; resp.)
before the last intersection of ps and p; and by ps2 (pr2 resp.) the rest of ps (p: resp.).
We define ps to be the concatenation of the paths ps 1 and p; 2 and the path p; to be the
concatenation of p; 1 and ps 2. The family (p1,...,Ds—1,Ds: Dst1s- - - Pt—1,Pts Ptt1s- - -+ Dn)
has the same weight as the original family and its sign is given by sgn((o(s),o(t))o) =
—sgn(o). Since the new family has the same intersections as the original one, the map

<p17 cee 7pn) — (pl') cee 7p8—171387p8+17 cee 7pt—17ﬁt7pt+17 cee 7pn)7

is an involution on the set of families of intersecting lattice paths which is weight preserving
and sign reversing. Hence the families on intersecting paths in (2.3) cancel each other. [

We can now apply this theorem to our setting of (a, b, ¢)-boxed plane partitions. The
starting points s; and end points e; are given by

Si:(_iv_i>7 ei:(b_i7_c_i)7
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. NN\ S

€9 €2

Figure 2.3: The paths p1,p2 (left) and p1,po (right) together with their area which is
shaded according to the colour of the path.

for 1 <14 < a. For the unweighted case follows

PG, j) = (bf—;—ci—)

The number of (a, b, c)-boxed plane partitions is therefore

b+c
det . 2.4
1Si33a<<b—j+i>) @4)

We could now use for example the Desnanot-Jacobi Theorem to evaluate this determinant
to prove Theorem 1.2.4. It is however not difficult to prove a generalisation.

Theorem 2.2.2. The generating function of plane partitions inside an (a, b, c)-box is given

by
i+j+k—1

1—
S =TT =S 29

i=1j5=1k=1

where the sum is over all (a,b, c)-bozxed plane partitions .

Proof. Tt turns out that we cannot directly use Theorem 2.2.1 since the weights we want
can not be obtained by edge weights; however we can adapt the proof of it to our situation.
Let s; = (—i,—i) and ¢; = (b—i, —c—1i). We weight a path p from s; to e; by ¢"=7) times
q to the area area(p) between the path and the minimal path from s; to e;, see Figure
2.3. For paths fro s; to e; this corresponds exactly to weight we want to have. Let p; be
two paths from s;, to ej;, for £ = 1,2 which intersect and denote by pj the paths where
we swapped the endings as in the proof of the Lindstrom-Gessel-Viennot Theorem. For
an example see Figure 2.3. We can immediately see that we have the following relation
between the combined areas

area(p;) + area(pz) = area(p1) + area(p2) + (i1 — i2)(j1 — J2)-

We obtain that the combined weight of pi,p2 is equal to the combined weight of py, po.
This implies that the bijection in the proof of Theorem 2.2.1 is in our setting still weight
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preserving. The weighted enumeration of plane partitions inside an (a, b, ¢)-box is therefore

o[ bt
i(i-3) 5
1§(}3t§a (q |:b _] 5 Z:|q> ' ( 6)

The final step is to evaluate this determinant. By the definition of the g-binomial coefficient
the determinant is equal to

given by the determinant

b+c k
[1(1—4q%)
det | ¢/ =1
1<i,j<a b—j+i ctj—i
II 1-d¢") II (1—¢"
k=1 k=1
By factoring out
b+c &
[T(A—-4q%)
k=1
b+i—1 a+c—i ’
II A=¢*) II (1—-4"
k=1 k=1
from the i-th row for 1 < i < a, we obtain
b+c &
a [T(1—4q%)
H k=1
. b+i—1 atc—i
=LV (0 =g%) TT (1 —4F)
k=1 k=1
det (i(z;j) 1 — gera=iy ... (] — ge—tHitly (] _ ity (] _ bﬂ'—l)'
x et (A=) (11— g )1 —q ) (I=g"")

Next we rewrite the expressions in the determinant in the form (¢ — ¢*) and obtain for
the determinant

1)1 bG—D)— () +ili—a) (i _ etay .. (i ety i g—b=1Y . (i 1=b
B (e (R Ui A (U S B (U i)

= i—1 _i(b—a)— i+l ) cta ) c+j % j—b— % —
=TT D) det (6 =) (" =T @ =) (@ = 07,
=1

1<i,j<n

where we factored out (—1)j_1qb(j_1)_(§) from the j-th column for 1 < j < n and ¢*~®

from the i-th row for 1 < i < n. We use Lemma 2.2.3 for z; = ¢', a; = —q¢“t7 and
bj = —q Y771 to evaluate the determinant and obtain
IT @-¢) ] ("' +a)
1<i<j<a 2<i<j<a
a a

:(_1)(‘5) H (1— ¢ H (1 — ghteti=itly Hqi(aﬂ') Hq(fb+i71)(a7i+l)_

1<i<j<a 2<i<j<a i=1 1=2
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Combining the above, the generating function is equal to

(_1)2(;) H qi(bfa)7b+(i§1))+i(a7i)+(7b+if1)(a7i+1)
i=2
b+c A
: - - -
<]1 bl ate—i [T a-a= [ a-dm7 ),
i=1

1 =g I (1-q") | 1<i<i<a 2<i<j<a
k=1 k=1

It is an exercise to the reader to verify that the sign and the ¢ power in front cancel and
that the rest is equal to the assertion. ]

To complete the above proof, we show the following generalisation of the Vandermonde
determinant by Krattenthaler [10, Lemma 2.2], see also [11, Lemma 3].

Lemma 2.2.3. Let x1,...,x,, a2,...,a, and ba, ..., b, be indeterminates. Then holds

det ((g;i Fan) - (i + ajin) (@i + by) - (s + b2)>

1<i,j<n
= I @i-=) [I Gi—a). @7
1<i<j<n 2<i<j<n
Proof. The determinant is an alternating polynomial in the zi,...,x,. It is therefore a
product of the Vandermonde determinant and a symmetric function in the xq,...,zy,.

When regarding as a function in 1, both determinant as well as the Vandermonde deter-
minant are a polynomial of degree n — 1 in x;. Hence the symmetric function is actually
a constant, i.e. the determinant is equal to CH1§i<j§n(xi — ;). By setting ; = —a; for
2 <4 < n the matrix in the determinant becomes an upper triangular matrix. Comparing
the determinant, which became the product of the entries on the main diagonal

n

[[@+a) [I (@-a) ] (x—a)

k=2 2<i<j<n 2<k<i<n

to the Vandermonde determinant we see that the constant C'is the product [ [o«; <, (bi —
a;) which proves the claim. O

2.3 Symmetries of plane partitions

We will consider three operations on plane partitions and regard the symmetry classes with
respect to these operations. It is convenient to regard the plane partition as a lozenge tiling
of a regular hexagon, which we have done implicitly in the previous section. As before we
first interpret an (a, b, ¢)-boxed plane partition graphically as stacks of unit cubes. Next
we forget about the shading of the unit cubes and also display the boundary of the (a, b, ¢)
box itself, for an example see Figure 2.4. We have obtained a tiling of a regular hexagon
with side lengths a, b, ¢, a, b, ¢ by unit rhombi, also called lozenges. It is noteworthy that
this was first realised in 1989 [6].

The first operation is the reflection (m; ;) — m* = (m;;). This corresponds to a reflec-
tion along the vertical axis for the lozenge tiling. The second operation is the rotation
7”7 which is defined for the lozenge tiling representation by an 120° rotation. The third



CHAPTER 2. ENUMERATION OF PLANE PARTITIONS 18

<

N &~
N W

>

Figure 2.4: A (3,4,4)-boxed plane partition (left), its representation as stacks of unit
cubes (middle) and the corresponding lozenge tiling of an hexagon with side lengths
3,4,4,3,4,4 (right).

Class Abbreviation Symmetry group

1) PP (1)

2) SPP (%)

3) CSPP ()

4) TSPP (x, p)
5) SCpP (c)

6) TCPP (x0¢)
7) SSCPP (x,¢)
8) CSTCPP (p,*0c)
9) CSSCPP (p,c)
10) TSSCPP (x,p,c)

Table 2.1: The 10 symmetry classes of plane partitions. The abbreviations are: PP —
plane partitions, S — symmetric, CS — cyclically symmetric, TS — totally symmetric, SC —
self-complementary, TC — transpose-complementary.

operation is the complement w¢. Intuitively this corresponds to regarding the “thin air”
in the box instead of the original plane partition. Formally it is defined by

T = (C— Tat1—ipt1-j)ij-
In the lozenge tiling representation this corresponds to an 180° rotation.
Denote by Ny(a, b, ¢) the enumeration of plane partitions of class d inside an (a, b, ¢)-

box. It turns out that the enumeration formulas of the classes 5,7,9 can be expressed by
the formulas for the classes 1 and 10

Ns(a,b,2¢) = Ny ([;ﬂ , V;J ,c> Ny (BJ , Bw ,c> ,

a a
Nr(a,a,20) = N (|5 [ 5 ¢)
7(a,a,2c) 13 5 c
Ny(2a,2a,2a) = Nyg(2a,2a,2a)>.
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Further we have the system of 4 relations involving all classes

Nl ((1, a, 2b) = NQ(av a, 2b>N6(a7 a, 2b)>
Ns(a,a,2b) = N7(a,a,2b)?,
N3(2a,2a,2a) = Ny(2a,2a,2a)Ns(2a,2a, 2a),
)

Ny (2a,2a,2a) = N10(2a, 2a, 2a)?,

which involves the enumeration formulas in the general case (up to substituting a — § or
b g) for all classes except for the first and the fifth. The proof is non-bijective and uses
perfect matchings, see [5].

In the following sections we will have a closer look at some of the symmetry classes.

2.4 Enumeration of symmetric plane partitions

This is presented by Benjamin.

2.5 Enumeration of cyclically symmetric plane partitions

We present in this section the unweighted enumeration of cyclically symmetric plane par-
titions. This was first proven by Andrews [1]. The proof for the weighted enumeration
was found by Mills, Robbins and Rumsey [14]; their proof is also presented with more
details in [4, Chapter 4].

Instead of proving the enumeration formula for cyclically symmetric plane partitions
(CSPPs) we consider a generalisation of them. Remember that CSPPs are in bijection
to cyclically symmetric® lozenge tilings of a regular hexagon. Instead we regard cyclically
symmetric lozenge tilings of a cored hexagon, this is a hexagon with side lengths n,n +
x,n,n+x,n,n+ x where an equilateral triangular with side length x is removed from the
center, such that its corners point towards the shorter edges of the hexagon, see Figure
2.5.

As for plane partitions, we translate cyclically symmetric lozenge tilings of a cored
hexagon into families of non-intersecting lattice paths but also to certain arrays of integers.
But first a few definitions.

Definition 2.5.1. A (shifted) plane partition is called column strict, if the columns are
strictly decreasing. A shifted plane partition is an array of positive integers of the form

7T171 7"'172 PR DY “ e DY 7T17>\1
7"2’2 IR .. “ e 7'('2’A2
Tt TN,
such that (A1,...,\;) is a partition and the columns and rows are weakly decreasing. A

shifted plane partition has class k, iff mi; = i +k—14+1 for 1 <i <1, i.e., the first entry
i every row exceeds the number of entries in its row by exactly k.

3This means invariant under rotation by 120°.
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TN

Figure 2.5: A cored hexagon with side lengths 4,6,4,6,4,6 (left) and a cyclically sym-
metric lozenge tiling of it (right).

For an example of a column strict shifted plane partition, or short CSSPP, of class
2, see Figure 2.6. If we subtract 1 of each entry of an CSSPP of class z and delete the
0 entries we obtain, what is called a (2 — z)-descending plane partitions ((2 — z)-DPPs).
The 0-DPPs are also called descending plane partition (DPP).

In order to construct a family of non-intersecting lattice paths corresponding to an
cyclically symmetric lozenge tiling, we regard a fundamental region of the lozenge tiling:
we restrict ourselves to the area between the top corner and the two left-most corners
of the hexagon and the bottom corner of the core. This is the region within the thick
lines in Figure 2.6 (left). Because of the cyclically symmetry the lozenge tiling within
this area determines the cyclically symmetric lozenge tiling of the whole cored hexagon
uniquely. On the left and the bottom border of this region we may find lozenges which
are only partially within this region; let us call them partial. The bottom border of the
fundamental region is, when rotated by 120 degrees, contained in the left border. This
implies that the number of partial lozenges on the left border is the same as those on the
bottom border. We draw paths from the partial lozenges on the left border to those on
the bottom border by connecting the opposite sides of the lozenges of the following form.

< [

For an example see Figure 2.6 (left). Denote by I the set of positions of the partial lozenges
along the bottom border of the fundamental region, where we number the possible posi-
tions from left to right with 1,...,n. In Figure 2.6 we have I = {2,4}. The starting and
end point of the corresponding family of non-intersecting lattice paths are s; = (1,z + )
and e; = (i,1) for 7 € I. The family of lattice paths induce a column strict shifted plane
partition (CSSPP) of class . The k-th row from top of the plane partition is equal to the
y coordinate of the starting point of the k-th lattice path followed by the y coordinates
of the horizontal steps, see Figure 2.6. It is easy to see that the CSSPP has at most n
entries in the first row.

The following variation of the Lindstrom-Gessel-Viennot Theorem allows us to express
the enumeration of cyclically symmetric lozenge tilings of a cored hexagon, or equivalently
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Figure 2.6: A cyclically symmetric lozenge tiling of a cored hexagon with side lengths
4,6,4,6,4,6 (right), its representation as non-intersecting lattice paths (middle) and the
corresponding CSSPP of class 2.

of CSSPPs of class .

Lemma 2.5.2. For starting points sy ..., S, and end points ey,...,e, denote by P(i,7)
the (weighted) count of lattice paths from s; to ej. The (weighted) enumeration of non-
intersecting lattice paths from s;,, si, to €;,, ..., ei, where we consider all subsets {i1,. .., i}
of [n] ={1,...,n}, is given by

det (0;; + P(i,7)). (2.8)

1<i,j<n

Proof. By using the Leibniz formula and partially expanding the product, we obtain

det (6 + P(i,5) = Y sgno [[ (bio, + Pli,o(i) = Y seno > [[ Pl o(i),

1<i,j<n ,
o€, i=1 oG, Io i€[n\Is

where I,; is the subset of the fix points of o for which we have chosen J; ,(;) in the product.
By exchanging the sums, the above becomes

S° N sen(o) [[ PGo) =
i€n)\I

Ig[n] O'EG[,,L]\I

det P(i,j)),
Z i,je{l,...,n}\l( (i.7))

ICn]
which is by Theorem 2.2.1 equal to our claim. O

By the above Lemma the enumeration of CSSPPs of class x with at most n entries in
the first row is equal to the determinant

L (rtitg-2
13213‘%71 (6%] + < i1 )) . (2.9)

Having a look at the literature, it turns out that the “easy” methods for evaluating
determinants are not applicable to the above determinant directly. However we can first
transform this determinant by a sequence of matrix manipulations using a family of lower
triangular matrices and then use the Desnanot-Jacobi Theorem, which we will state later,
to evaluate it. Let L be the family of matrices defined by

Lna:(ay b) = <<Z.+$>ai+xbj+x) )
7 Jtz 0<i,j<n—1
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These matrices satisfy the following three properties

Lno(a1,b)Lng(az,b2)" = Z <l> (‘Z n $>ala%+ bib5t , (2.10)
120 0<i,j<n—1
det (Ln.o(a, b)) = (ab) ()47 (2.11)
a2b1b2
Ly, ) Ly 5 =Lng 1 »7 1 | 2.12
o(01,0) L, ) = L (a1 ), 220 (2.12)

where AT denotes the transpose of a matrix A. Indeed, (2.10) is the definition of the
matrix multiplication applied for the matrices L. Since the matrix L is an upper triangular
matrix, its determinant is just the product of the entries on its diagonal, which implies
(2.11). The (i, 5)-th component of the left hand side of (2.12) is by matrix multiplication
equal to

i+ax\[(l+x) IHzpite j j it }: i —J
i+ b z _ itz bib jtx b l—j
Zm (H—:U) (j+x>a1 (azbr) by = ™ azbiba T 5 £ \l—j (azby)™,

where we used the identity (iii) (;j_i) = (;f;) (;:j) The sum is now by the binomial

Theorem equal to (1 4 azb;)(i — 5) and we obtain the right hand side of (2.12).

By the Chu-Vandermonde identity, we have
Z <z> <j+x> B <i—i—j+w>
= IJ\l+=x Jj

Hence we can rewrite our determinant of interest by using (2.10) as

det (@-J (Z I x)) = det (1d +Lno(1, 1) Lna(1, 1) ).

1<4,j<n—1 j

Denote by (; the primitive k-th root of unity e We multiply the matrix in the above
determinant from left by Ly, o(1, —Cgl) and from right by L, .(1,—(s)T. By using (2.11)
and (2.12) we obtain

(=Go) ™ det (Lno(1, =G5 ") Ena (1, =C6) + (G C6) (G5, GG ).

Using (2.10) and then the Chu-Vandermonde identity, the (7, j)-th entry of this matrix is

equal to
> ()0 (cor e = cor (757 (1a7),

>0

Combining the above, we showed that the enumeration of CSSPP of class x with at most
n entries in the first row is equal to

Ogi,cjl’%tn—l(( . ><1+ : )) (2.13)

A very practical way to evaluate the determinant explicitly is the Desnanot-Jacobi
Theorem, since it allows us to use induction.
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Theorem 2.5.3 (Desnanot-Jacobi). Let n be a positive integer, A an n x n matriz and
denote by A}l’::"l-’“ the matriz obtained by deleting the i1, ..., ix-th rows and ji,...,jp-th

1]k
columns of A. Then
det (A) det (A};z) = det (A1) det (A") — det (AL) det (A7) . (2.14)
Proof. We define A* as the matrix
det (A}) 0 0 0 (—1)"*tdet (A7)
— det (A3) 10 0 (—1)"*2det (A%)
" det (A3) 0 1 0 (—1)""3det (A%)
( 1) det (A} 1) 00 - 1 —det(A}_))
1"tldet (4) 0 0 --- 0 det (A7)
, which has determinant det(A*) = det (Al) det (A7) — det (A}) det (Al). By Laplace
formula the sum > i (=1 1)7ta; ; det ) is equal to the determinant of the matrix where

first row is replaced by the i-th row. Hence it is equal to 0 unless i = 1. Analogously we
have Y7 (=1)7%"a; j det (A") = 0i . Therefore we have

det(A) a2 ai,3 s a1,n—1 0
0 az,2 a3 tr Q2p-1 0
A A =
0 n-12 0n-13 *'° QGp-1n—1 0
0 an,2 an3 -+ App—1  det(A)

The determinant of A - A* is on the one side
det(A) (det (A}) det (A7) — det (A7) det (AL)) .
On the other side, by using Laplace formula we obtain for the determinant
det(A)? det (A};@ .

Since det(A) is a non-zero polynomial in the entries of A we can divide both sides by it
and obtain the assertion. O

In order to apply the Desnanot-Jacobi Theorem we have to regard a slightly more
general matrix. Set

o= (37079

Deleting the first and/or last row and the first and/or last column of the matrix D, ;(x),
and taking determinants, gives the following expressions.

0<i,j<n—1

det (Dy 1 (2)1) = det (D1 4 +2)) <Z " g‘)
det (D ()2) = det (D1 4(),
det (Do (@)} ) = det (Dy-g5(x +2)) <”’° o 1>,
det (Dy (2)y,) = det (Dp—1-1(z + 1)),
det (D (2)1) = det (Dp_1 o1 (2 + 1)) (””’“" o 1) .
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We explain the first of the above equations; the other follow analogously. By definition
we have

[+ + o
det (D k(x)1) = 1<ic]1e<tn_1 ((1 ? 1:) (1 v ]+k>>

. 9 »
et <<z+j.+$+ ><1+ é]—&-k)).
0<i,j<n—2 j+1

Since the i-th row is divisible by (x + i + 2) we factor it out for all 0 < ¢ < n — 2. Further
we factor out (j 4+ 1)~! for 0 < j < n — 2 and obtain

n—2 . . .
rTH+1+2 i+j+x+2 itk n+x 1
LR (1467 ) = (7Y det (D st +22).
1 e (T (14 ") et (Dol + 2))

By using a computer algebra program and computing the determinant (2.13) for small
values of n one can guess the following formula for £ = 1 modulo 6

ntl
2 .
—ona|nEl|[nt2 | _|n i—1)!
det (Dy g1 1()) =(¢6) 2 ol 2 -3 H ((nz))' (2.15)
i=1 '
x . X .
i>0 == [*==2]
T n 1 T n—1 3
B Y el I ST Z 49 a4z
XH<2+ {QJ Z+2> neti <2+ { 2 J Z+2> petis |
>0 { 2 J { 2 J
where (z); :== x(x 4+ 1)---(x + j — 1). The other cases have similar formulas, compare

with [?, Theorem 4.2]. These formula can now be proven by induction and the Desnanot-
Jacobi Theorem. This is in principal not difficult, but the calculations can be very time
consuming.

In particular, by setting 2 = 0 in (2.15), we obtain the following Theorem.

Theorem 2.5.4. The number of cyclically symmetric plane partitions inside an (n,n,n)-

box is equal to
n

3i—1 n+i+75—1
. 2.16
H3z’—2H 2i+j5—-1 ( )

i=1 j=i
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